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A simple one-dimensional transformation x, =azp-1+2 —a (0 =Zx,-1 <1 — 1/a),
Zn =a(l —2p-1) (1 —1/a =xp1 = 1) (1 < a = 2) is investigated by introducing the prob-
ability distribution function W, (x). W, (x) converges when n — oo for @ > /2, but oscillates
for 1 < a <)2. The final distribution of W, (x) does not depend on the initial distributions

for @ > )2, but does for 1 < a < }/2. Time-correlation functions are also calculated.

1. Introduction

Chaos is found sometimes in simple dynamical
systems. The striking example is May’s one-dimen-
sional transformation [1],

=G (@p—1) O0=Zax=1), (1)

where @ is a nonlinear function which has a single
hump in the interval of  under consideration, such
as given by G (r)=ax (1 —x). Similar mapping is
also found in Lorenz systems [2]. Stimulated by
these works, Li and Yorke demonstrated a theorem
[3] which states that the existence of a solution of
period three implies chaos in the sense that for
each integer n=1, 2, ... there is a periodic point
with period » and furthermore there is an uncount-
able subset of points x in an interval which are not
even asymptotically periodic. Necessary and suffi-
cient condition for chaos was given by Oono [4], so
that period =27 implies chaos. However we still
do not know what is the nature of chaos, or what
are the quantities which characterize the chaos.
In this paper we consider a simple example,

0 < 2py < 1/2)
12=Z2p1 1),
1l<a<?2). 2)

xp =G (Ty-1) = a1

=a(l —xy-1)

which gives rise to chaos since this system has the
solution of period three for a=(1 + |/5)/2, and
discuss the temporal behavior of the distribution
function and the time-correlation function. The
case @ =2 allows us an analytical treatment which
will be given in Sect. 2 and 4.
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Since 1 <a <2in Eq. (2),G(1/2)=a/2>1/2, and
G (a/2) =a(l —a[2) < 1/2, it is easy to see that there
exists an integer N such that for

xe(0,a(l —a/2)) U (a/2,1],

Gr(x)ela(l — a/2),a/2] forallnm =N,
and that for

rzela(l —a/2),al2],

Gm(x)ela(l — a/2),al2] foranym =0.
Therefore the interval [a (1 —a/2), a/2] absorbs the
interval [0, a(1 —a/2)) U (a/2, 1]. Since we consider
the asymptotic behavior of G'(x). we may restrict
G (x) to the interval [a(1 —a/2), @/2]. Thus (2) is
equivalent to (3) in Sect. 2 (see Figure 1a).

2. Distribution Functions

It is well known that the Baker’s transformation
is isomorphic to the Bernoulli shift B(1/2, 1/2), and
B(1/2,1/2) coincides with a coin tossing from a
stand point of the stochastic process. We consider a
one-dimensional linear transformation,

¥y = F(xp-1) =axy-1+2—a
O=api1<1—1/a) (3)
=a(l —xp-1)
(1—1ja<apy<1),

which is a projection onto the x-axis of a modified
area-preserving Baker’s transformation defined by

Ipn=0axp-1+2—a (0=x,1<1—1/a)

Yn = Yn-1/a,
p = a(l — xp-1) 1—1lla=xy1=1),

Yn = — Yn-1]a + 2n+l[gn+l (4)

where a is a parameter (1 <a = 2).
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Fig. 1. Equivalent transformations of Eq. (3):
(a) 1<a=2, (b) 21/4<a<y§.

Equation (3) determines the sequence of the
values, xg, 21, 2, ..., resulted by iterations of (3).
We study the behavior of (3) by introducing the
probability distribution (or density) function W, (z)
defined in the interval [0, 1], so as to mean that the
probability of finding the value z in the interval
(x, x +dx)is Wy (x) dz. In general Wy (z) for Eq. (1)
obeys the equation

Wa(x) = LWy_1(

(%)

= Wt ()]G (&

z'=G"1(x)

()
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where G': [0, 1] — [0, 1] is nonsingular and L is a
linear operator, which is equivalent to the Frobenius-
Perron operator [6].

In the case of (3), (5) becomes

Wa(x) = LWp_1(2) = 1)a Wp_1(1 — z/a)
0<x<2—a)
=1/a[Wp-1(1 —z/a) + Wp-1(1 — (2 — x)/a)]
2—a=s2x=1). (6)

Our problem is to see the convergence, or the
existence of lim W, (z).

n—>00
In the case a=2, any arbitrary initial distribu-
tion of class L2 is shown analytically to converge
to the uniform distribution for n — oo, as discussed
below.
In the case a=2, (6) becomes

W (@) = 12 [Wu1 (2]2) + Wacr (L — 2/2)] . (7)

To apply the Fourier-cosine transformation to
Wy (x), we extend Wy (x) to the interval (—
by assuming W,(—z)= Wy(z), and a periodic
function with period 2. It is understood from (7)
that if Wy_1 (x) has these properties then also W(x)
does. Therefore we can put as

00, ©0),

Wy (x ZA(") cos(m ), (8)

m
m=0
where

1
AR = f Wy (x) cos (m 7 x) da

an 1(x/2) cos (m 7 ) da 9)
+ fﬂ —1(1 — x/2) cos (m 7 x) dx
g,

Thus from induction we get 4% = A%, . Therefore
the coefficient Aﬁr’j) for m =0 tends to zero, because
we have A —0 for k—>oco by virtue of the
relation

=) 1
214912 = [[Wo(@)
k= —oo -1

This implies that the limiting distribution is uniform
over [0, 1].

For a < 2, we can see that the transformation (6)
gives rise to a gap at the point 2 —a in the interval
[0, 1] for W; (x) when the function Wy (x) is uniform.
Successively new points of discontinuity appear

|2 de < finite.
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when the transformation (6) proceeds further. Thus
the uniform distribution cannot be the limiting
distribution function, contrary to the case a =2.
Now we consider the case a =2, and take the
uniform distribution for Wy () as an initial condition
and compute Wy (x) through Eq. (6) (see Figure 2a).
Numbers written in Fig. 2a indicate the successive
points of discontinuity resulted by the iteration
of (6). Notice that as the number becomes larger,
the height of the gap becomes lower. This fact is
also understood from (6) since the height of the new
gap is multiplied by a factor of 1/a at each iteration.
Using this fact it is understood that W, () converges
when n — oo, provided that the gap points are not
degenerate. Generally we have an infinite number
of gap points of the function lim Wy (x), which is

n—>oo

invariant under the operator L, and is considered
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Fig. 2. Calculations of W (z). — — — — Initial condition:
(a) a=1.8, (b) a=y2.
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as one of the invariant measures of (3). Using
Ulam’s approximation by step functions, Li [8] and
later Grossmann et al. [6] calculated the invariant
measure for broken linear transformations like (3).
Li divided [0, 1] into n equal subintervals, but for
our model of (3) it is adequate that we divide [0, 1]
into subintervals determined by the successive gap
points. Grossmann’s model corresponds to the case
that the gap points are degenerate. Quite recently
Ito et al. [5, I] gave the same results in a series by
using symbolic dynamics, and they [5, II] further-
more consider the cases with different slopes @ and
—b.

In the special cases when the gap point coincides
with a peak of the transformation (x=1—1/a) or a
fixed point (x=ga/(1 +a)) at a certain number of
transformations, the number of the gap points is
finite. Simple examples are given ; fora = (1 + ]/5)/2,
a minimum value for the existence of period three,
the gap point agrees with the peak by one iteration:
fora=1.512 ..., a minimum value for the existence
of period five, the gap point agrees with the peak by
three iterations. These values of a are given by the
maximal solution of the equation,

al —2ai-2 —1 =0 (j = odd integer). (10)
When j becomes very large, a solution of (10)
approaches 1/2 from above (see also May [1]).

Computer experiments suggest that for the value
a> ‘/Q Wa(x) converges, but for a < VQ the con-
vergence breaks down suddenly.

Figure 2b (a = |/2) shows that W, () begins to
oscillate between a solid line and a dotted line when
the uniform distribution is taken as the initial
condition. This oscillation is understood from the
fact that the interval [0, 1] is decomposed into the
two intervals [0,2 —)/2] and [2 —}/2,1] and
these two intervals are switching at each iteration.
After two iterations the transformation (3) restricted
to [0, 2 — }/2] is isomorphic to the transformation
(3) on the whole interval [0, 1] with a =2, although
the picture of the transformation is up-side-down.

Notice that the distribution function does not
oscillate for all arbitrary initial distributions. To
understand this fact, let f(z) and g(x) be the
distribution functions in the interval [0,2 — /2]
and [2 — }/2, 1], respectively. It is easy to see that if

o_Vo

1
[f(@)de = [g(x)dz, (11)
0 Z—V

ol
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then the distribution function in each interval
approaches the uniform distribution since the
transformation with ¢ = 12 is isomorphic with the
transformation with a=2. So the distribution
function in the interval [0, 1] becomes the limiting
distribution when the above condition is satisfied.

Next we consider the case 2174 <<a-<21/2 (see
Fig. 1b). In this case the interval (a2 —a, 2 —a) is
absorbed into the interval [0, a2 —a]U [2—a, 1]
except the fixed point at certain iteration. Thus
after two iterations the transformation restricted
to the interval [0, a2 — a] is equivalent to the trans-
formation in the interval [0, 1] with parameter
a'=a?, |/2<a’' =2. Also the distribution function
becomes the limiting distribution if the initial
condition satisfies the relation

at—a 1

[f@)de = [g(x)dz,

—a

(12)

and is zero on the interval (a2 —a, 2 —a). The same
situation occurs also for 218 <q <2V4 and in
general for 22" < a <2!2"", Therefore the trans-
formation (3) has a hierarchy structure and the
distribution function becomes the limiting distribu-
tion in the successively decomposed 27 intervals if
the initial distribution satisfies a condition similar
to those mentioned above, and if the condition is
not satisfied, then the distribution function con-
tinues oscillating.

3. Temporal Behavior of Wy (x) for n — oo

In this section the long-time behavior of Wy (x)
will be discussed. In analogy to @ =2 in Sect. 2, we
extend W, (z) to the interval (— oo, o0), by assum-
ing Wy(—a)=Wy(x), Wyp_1(—a)= Wy_1(x), and
periodic functions with period 2. Therefore we can
put

Wa(x) =3 AP + > AW cos(m ), (13)
m=1
Wa-i(x) =345~ 4+ > A@Yeos(mnz),
m=1
where
1
AW = [ Wy (x) cos(m ) da (14)

=1
in particular

AM =2

m (n:O,-l,?....,n).
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Substituting (6) into (14) we obtain,

1
AW =2 [Wy(x)cos(mma(l —z))de  (15)
0

(=)
=3 B a3,
m'=0
where
sin (m 7 @) ,
Bpo=————, Bomw=0(m), (16)
mma
and
B 2masin(mma) |
=" m' E=ma
mm w(m2a —m'2) +
=cos(mma) m'=ma (m,m" ==0).

The eigenvalues of the matrix B = (Byn,’) are
responsible for the behavior of A" for n — co. One
can easily see that the matrix B has an eigenvalue 1,
because By, =0 (m). To obtain the other eigen-
values we have only to consider the matrix
B" = (Bpum', m, m" #=0). The numerical calculations
of the eigenvalues of B” are shown in Fig. 3, where
the oo X oo matrix is approximated as 50 x 50 in
Fig. 3a, 100 x 100 in Fig.3b, and 150 x 150 in
Fig. 3¢, by ignoring B,y for larger m, m’ (m, m'
> 50, 100, 150 in Fig. 3a, b, ¢, respectively). One
finds that the eigenvalues of B’ can be calculated
approximately by truncating at about m =150,
provided that we do not consider the eigenvalues
close to 0. In Fig. 4a when a | }/2, we see one of the
eigenvalues approaching to —1, keeping the
absolute values of the others smaller than 1. The
eigenvalue of —1 always exists for a < |,2
(Fig. 4b), from which we can understand the
oscillation of W (x) with period 2. Generally for
a <2'7"" eigenvalues 7 satisfying (17) exist,

r—1=0 (n=12,..) (1)

and other eigenvalues have absolute values smaller
than 1, from which we can also understand the
oscillation of W (x) with period 27-1, as mentioned
in the end of Sect. 2.

If we restrict ourselves to the case /2 <a <2,
the largest eigenvalue of matrix B is 1 and simple.
The other eigenvalues are also simple as confirmed
by the computer calculations in the 150 X 150
matrix shown in Figure 4. Therefore we assume
that the eigenvalues of B are simple. Substituting

A on the rhs of (13) from (15) successively, we
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Fig. 3. Truncation of B’, a = 1.823 ...:
(a) m =50, (b) m =100, (c) m = 150.

find W, () in the following form:
Wy (x) = sT- Am
— sT. B- A(n-1)
—sT-Bn. A0

(18)

where sT = (1, cos (), cos(2ax), ..
of the transpose of s, and

A

Am

.)is a row vector

An) =

is a column vector. Since the eigenvalues of B are
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(a)

Fig. 4. Eigenvalues of B’, m = 150.

() a=1431...>y2, (b) a=1.180...> 218,

simple and the largest is 1, B can be diagonalized
by a regular matrix V, V-1BV=./, where
A = (AmOmm’) is a diagonal matrix, and V,! = 6 (m)
since Bopy = 0 (m). Therefore (18) becomes

Wa(x) = sTV An V-1 40

— 1—}—22005 maz) Vo .

(n—>00) m=1

(19)

This limiting distribution of W, (x) is independent
of the initial one, and is the one obtained in Sect. 2,
where the initial condition is taken as a uniform
distribution.
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4. Time-Correlation Functions

The properties mentioned above are also reflected
into the time-correlation functions. Time-correlation
functions have been calculated by Grossmann et al.
[6] and Fujisaka et al. [7] for transformations
similar to (3).

In this paper the correlation functions are
calculated for some values of @ from 2 to ]/2, critical
values of (3). The time-correlation function C (n) is
defined by

C(n) = {(F"(x) — (F(x))) (x — {2))) [{(x — {2))%)
= ((F* (@) 2) — <2)?)K(x — @))%, (20)

where {---) means the averages either by invariant
measure or by long-time calculation. We take the
former average for a > }/2, since in this case both
averages take the same value.

We can easily show that C(n)=4d(n) for a=2.
The numerical results of C'(n) for some values of a
are shown in Figure 5. As the parameter a approaches

1

a=2
C(nJN
N . _ N . n

0 i 2 3 4 5 6 7
a = (1+/5)/2

a= 1.512...

/\/\/\.
VAR 2
CALALA

VAAAR A

NACACA
VAR VARVAR

Fig. 5. Time-correlation functions.
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2, the correlation length becomes long. Eventually
at @ = |/2, C(n) does not decay for n=2. This
phenomenon reflects the switching effect of two
intervals as mentioned in Sect. 2.

To analyze these behaviors of the correlation
functions, let us take the right and left eigen-
functions ¥R (x) and WE(x) of the operator L
defined in (6). In accordance with (18), it is seen
that 1

= fdx sT(x
-1

) Bs(z') (for ¥R ().

Therefore PR (x) and ¥k (z) must satisfy the rela-
tions

LYR (%) = Am Pr(2),
SUL( (2)) = PRL = inPL(2),

( y7111

(m=0,1,2,...)

) P (z) Az = Smam , 21)

where the 4,,’s are eigenvalues of B, and in partic-
ular 49p = 1. Generally we have the following rela-
tions:

Le() = 3 (")

F'(2')],

Now we can expand z and F(x) by using ¥E (x)
and Y5, (),

x = Z PL(x) [x PR (x)
m=0
Z ;Zl 'PuLL f.l' l1Um (‘)v (22)
m=0

The average (Fn(x)a)> in (20) is expressed in the
form

1
(Fn (2 IF" & PRz
0
z m<r 711&7“?11)1( )> (23)
where

\'1 m:_[r m(l)d‘T'

In particular (x¥§ (x)> = (x), since PE@)=1, i.e.
Vol =0 (m). Lastly the correlation function C'(n)
is obtained in the form

Z A-/n <l m \H (x l[]I/l ( )/
m=1

Cn)=""— —.

z<l m & m ')"

m=1
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For }/2 <a <2, it is seen that C'(n) — 0 for n — oo,
since the absolute value of 1,,’s (m %0) is smaller
than 1. When a | }/2, one of the Ay’s (m=0)
approaches — 1. Therefore the length of C(n)
becomes long and at a = }/2, C(n) does not decay
as seen in computer calculations.

5. Conclusions

To summarize, we have shown in the model (2)
or (3) that

1. lim Wy(x) for arbitrary initial distributions
n—oo o
exists for }/’2 < a=2. This limiting distribution
is considered as the absolutely continuous
invariant measure.
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